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Abstract The design of robotic systems that are capable of sophisticated social behavior such as cooperation,
compromise, negotiation, and altruism, requires more complex mathematical models than are afforded by the classical mechanisms for making value judgments and decisions.
A new concept of multi-agent satisficing, defined in terms of
relative effectiveness and efficiency, is an alternative to classical optimization-based decision making. Conditional utilities, which take into account the interests of others as well as
the self, represent an alternative to the categorical utilities of
classical decision theory. A multi-agent utility aggregation
structure is developed that avoids the sure subjugation of the
interests of any individual to the interests of the group. By
expressing a society as a directed acyclic graph, Bayesian
network theory is applied to artificial societies. A satisficing
social welfare function accounts for the influence relationships among decision-making agents.
Keywords Multi-agent systems · Game theory · Social
choice theory · Satisficing · Conditional preferences ·
Coherence

1 Introduction
Multi-stakeholder decision problems arise in many contexts,
including social choice theory, game theory, distributed control theory, multi-criterion/multi-objective decision theory,
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multi-agent systems theory, and social robotics. Although
the particulars of these various contexts can differ widely, to
be rational, each must possess two fundamental attributes:
(a) an ability to make value judgments regarding alternatives, and (b) procedures for using value judgments to make
choices.
The field of social robotics, in particular, provides a rich
environment for the application of decision-making logics
that are able to accommodate sophisticated social behaviors
such as compromise, negotiation, and altruism. Whether a
social robot interfaces with humans, other robots, or both, it
typically resides in a community that involves some notion
of coordination (which may be either cooperative or competitive). In such an environment, value judgments can depend
upon the desires and preferences of others, and procedures
for making choices must take these complex social relationships into account.
The two approaches that dominate conventional multiagent decision theory are noncooperative game theory and
social choice theory. Noncooperative game theory focuses
primarily on the welfare of the individuals without consideration of the welfare of the group, and is designed to characterize decision making in an environment of competition
and market driven expectations. Social choice theory, on the
other hand, focuses on the welfare of the group, and there
is no guarantee that any individual’s preferences will be accommodated by the group-level decision. Thus, both conventional approaches place a wedge between individual and
group interests.
The main contribution of this paper is the presentation of
an approach to multiagent decision making that removes, or
at least mitigates, this wedge. We provide a mathematical
framework within which to design and synthesize complex
decision-making collectives that are able to accommodate
socially complex decision making. This framework permits
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group and individual preferences to be reconciled in a way
that respects both points of view and does not categorically
disadvantage one over the other. There are three key elements of this framework. First, we define conditional utilities that permit agents to modulate their preferences over
action profiles as a function of the preferences of others as
well as of the self; this approach results in a true generalization of the classical game-theoretic utility structure. We
also show how this formulation relates to classical solution
concepts such as Nash equilibrium and the Nash bargaining
solution. Second, we impose a condition of coherence that
prohibits the unconditional subjugation of any individual to
the will of the group. Third, we replace the conventional emphasis on optimization with a more socially accommodating
concept of satisficing, or being good enough. This change
in emphasis permits compromise solutions to be considered
that are simultaneously acceptable to all individuals and to
the group as a whole.
Section 2 provides a brief history of classical multi-agent
decision making and motivates our approach. Section 3
introduces the key components of the framework we are
proposing, Sect. 4 introduces new concepts of social welfare, Sect. 5 reconciles our theory with classical approaches,
Sect. 6 describes a special case of what we term decoupled
social systems, and Sect. 7 offers conclusions.

2 Background
Cooperative robotics is an active research area. Of particular interest is the development of theories for decentralized
control of multi-robot societies. Swarm-based approaches
have demonstrated the emergence of cooperative behavior
[23, 24]. Potential functions, consisting of constraints and
goals that are imposed upon the system, have been used to
address the mobile robot navigation problem [4]. Shannon
information theory has been applied to the investigation of
diversity among heterogeneous agents, thereby enabling an
assessment of the ability of the system to perform cooperatively [3]. Behavior-based approaches have been applied to
the design of cooperative robotic teams, stressing minimalism, statelessness, and tolerance [52]. The variety displayed
by these various of approaches is a strong indication of the
complexity involved in the design of cooperative multiagent
systems, and is in indication that there is no single approach
that can be universally applied to the design and synthesis of
such systems.
Because of the complexity of multiagent systems, it is
important to review the fundamental principles that are exploited, either implicitly or explicitly, in their design. Accordingly, we provide a brief review of classical decisiontheoretic foundations and a discussion of rationality.
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2.1 Classical Decision-Theoretic Foundations
The multi-stakeholder decision problem originated in the social sciences context, with foundations laid by Bergson [5],
Samuelson [37], Arrow [1], and others, who assert that individual values are the fundamental elements of a society.
Arrow has provided what is perhaps the most clear definition of this concept: “It is assumed that each individual in
the community has a definite ordering of all conceivable social states, in terms of their desirability to him . . . It is simply assumed that the individual orders all social states by
whatever standard he deems relevant” [1, p. 17]. Furthermore, Friedman argues that the process by which these preferences are obtained is irrelevant: “The economist has little
to say about the formation of wants; this is the province of
the psychologist. The economist’s task is to trace the consequences of any given set of wants. The legitimacy of any
justification for this abstraction must rest ultimately, in this
case as with any other abstraction, on the light that is shed
and the power to predict that is yielded by the abstraction”
[16, p. 13]. According to the Arrow/Friedman model, each
participant in a multi-agent decision problem comes to the
decision-making activity with pre-defined preference orderings, the origins of which are not germane to the decision
problem. Such preference orderings are categorical. The assumption that each individual possesses a categorical preference ordering has been adopted almost universally in classical multi-stakeholder decision-making contexts.
The most common procedure for using value judgments
to make choices is to invoke some notion of optimization—
the sine qua non of classical decision theory. What is optimal in multi-stakeholder settings, however, can depend upon
the point of view. In the classical game-theoretic context,
each individual seeks to optimize value to itself, and a Nash
equilibrium is a constrained mutually optimal solution for
all players in the sense that no individual can unilaterally
improve its welfare by changing its decision. On the other
hand, in the social choice context, it is the “organization incarnate,” as Raiffa put it [35], who seeks to maximize value
for the group considered as a whole. In the former case, the
value of the individual decisions to the group is not explicitly
considered, and in the latter case, although the value judgments of the individuals are used to define group-level decisions (e.g., a weighted sum of individual valuations), there
is no assurance that the resulting decision will maximize the
value to any individual. In fact, the decision that is best for
the group can be extremely unfavorable to some members of
the group.
2.2 Rationality
The classical approach to decision making in group settings
is the doctrine of individual rationality: the notion that each
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individual should act in a way that maximizes its own satisfaction (without explicit regard for the satisfaction of others). This doctrine enjoys a central role in classical decision theory and game theory. As discussed by Tversky and
Kahneman, “The assumption of [individual] rationality has
a favored position in economics. It is accorded all of the
methodological privileges of a self-evident truth, a reasonable idealization, a tautology, and a null hypothesis. Each of
these interpretations either puts the hypothesis of rational action beyond question or places the burden of proof squarely
on any alternative analysis of belief and choice. The advantage of the rational model is compounded because no other
theory of judgment and decision can ever match it in scope,
power, and simplicity” [51, p. 89].
The uncritical application of individual rationality as a
model for decision making in multi-agent contexts can be
problematic. Arrow has observed that “rationality in application is not merely a property of the individual. Its useful
and powerful implications derive from the conjunction of
individual rationality and other basic concepts of neoclassical theory—equilibrium, competition, and completeness of
markets. . . When these assumptions fail, the very concept of
rationality becomes threatened, because perceptions of others and, in particular, their rationality become part of one’s
own rationality” [2, p. 203].
If all agents are indeed focused on, and only on, their narrow self-interest, then categorical preferences are appropriate. Difficulties arise, however, when the sphere of concern
of an individual extends beyond its own narrow self-interest.
The only way such an individual can use categorical preferences to accommodate the preferences of other individuals
is to redefine its values by substituting (at least partially) the
values of the others for its own. Such behavior is a manifestation of categorical altruism, i.e., irrevocably sacrificing
one’s own welfare in an attempt to benefit another, thus fundamentally changing the nature of the association.
Considerable research, notably in the field of behavorial
economics [7], has addressed the need for agents to define
their preferences such that they consider social interactions.
Fehr and Schmidt [14] discuss how individual preference orderings may be modified to take into account concepts such
as fairness and cooperation by introducing a notion of inequity aversion. To account for this attribute, they include,
in addition to a purely selfish component, an inequity aversion component in their utility. Consequently, they rely upon
(re-defined) categorical preference orderings to model social
interactions. All that changes is the definition of the individual’s self-interest. This approach, however, has serious
limitations, as acknowledged by Sen: “It is possible to define a person’s interests in such a way that no matter what
he does he can be seen to be furthering his own interests in
every isolated act of choice . . . no matter whether you are a
single-minded egoist or a raving altruist or a class-conscious
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militant, you will appear to be maximizing your own utility
in this enchanted world of definitions” [38, p. 19]. Categorical altruism simulates cooperation, compromise, and altruism with a regime that is explicitly designed to characterize selfishness, competition, and avarice, and does not offer
a natural and intuitively pleasing framework within which
to express sophisticated and complex social relationships.
While such constructions may serve to explain some forms
of human behavior, it is difficult to see how they can be used
systematically to synthesize complex relationships between
artificial agents.
The foundational assumptions of categorical preferences
for each individual and optimization (either for individuals
or for the group) undergird virtually all of classical formalized decision theory in both individual and group settings.
These assumptions correspond to analysis tools that serve,
with varying success, to explain and predict human behavior, but they are not causal: they do not govern human behavior. On the other hand, models that are used to design a system of artificial autonomous decision-making agents must
be causal: they are synthesis tools that will indeed govern
the behavior of the artificial society.
Many social science researchers argue, however, that the
classical foundational assumptions do not provide an adequate model for human behavior (e.g., see [25, 45]). And
if their adequacy to analyze human behavior is questioned,
then we may rightly question their appropriateness as assumptions with which to synthesize the behavior of artificial societies that are expected to behave in ways that are
can be understood and trusted by humans. As Shubik as acknowledged, “Economic man, operations research man and
the game theory player were all gross simplifications. They
were invented for conceptual simplicity and computational
convenience in models loaded with implicit or explicit assumptions of symmetry, continuity, and fungibility in order
to allow us (especially in a pre-computer world) to utilize
the methods of calculus and analysis. Reality was placed on
a bed of Procrustes to enable us to utilize the mathematical
techniques available [41].”

3 A Social Framework for Cooperative Decision
Making
A social welfare function, as defined by Arrow, is “a process
or rule which, for each set of individual orderings R1 , R2 ,
. . . , Rn for alternative social states (one ordering for each
individual), states a corresponding social ordering of alternative social states R” [1, p. 23]. Classically, the individual orderings (either ordinal or cardinal), are categorical, in
that they account only for the interests of the individuals.
We wish to expand the spheres of interest of the individuals to include the interests of others as itself. However, once
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we move beyond restricting to individual interests, the notion of optimization becomes problematic. Optimization is
an individual concept: for a group to optimize, it must act
as a single unit, capable of making rational judgments and
choices. Such a structure however, is not consistent with our
assumption that the decision-makers are autonomous.
Our approach is to replace the twin assumptions of optimization and categorical preferences with two alternative
concepts: satisficing and conditioning. Our goal is to create
a satisficing social welfare function and individual welfare
functions that can be used to construct compromise solutions that are simultaneously acceptable to the group and
the individuals, thereby removing, or at least reducing, the
wedge that separates classical concepts of group and individual interests.
3.1 Satisficing
In a multi-agent setting it is not generally possible to maximize both individual and group preferences simultaneously.
A potentially more socially accommodating concept is that
decisions are “good enough.” What is best for you may be
different from what is best for me, but what is good enough
for you may also be good enough for me, provided we have
some flexibility in our respective notions of what it means to
be good enough. The term “satisficing” has been advanced
as a synonym for this alternative to strict optimization.
The first usage of the term “satisficing” in a decisiontheoretic context is attributed to Simon [42–44], who addressed the question of how a decision maker might make
a choice in the presence of informational or computational
limitations. Simon’s approach is to seek an optimal choice,
but to terminate searching and once the decision maker’s aspiration level has been met. Put another way, to satisfice is
to accept the best solution so far obtained, once the cost of
continuing to search exceeds the expected improvement in
value were the search to continue. Many other variations of
this concept have appeared in the literature [6, 13, 19, 22,
27, 28, 32, 34, 39, 49, 50, 53–55], and it is not the intent of
this paper to review them in detail. Suffice it to say, however,
that all of these approaches view satisficing as a species of
bounded rationality: one settles for a solution that is deemed
to be “good enough,” but which is not necessarily, and usually not, optimal in any meaningful sense. Satisficing à la
Simon is an heuristic approximation to the ideal of being
best (and is only constrained from achieving this ideal by
practical limitations).
The concept of satisficing presented herein differs from
the afore-mentioned notion in several important ways.1
1 Some of the material in this section has been discussed in other venues
(e.g., [47, 48]), but is included here as a tutorial to ensure a selfcontained development.
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First, in contrast to satisficing as advanced by Simon and
others, it is not heuristic; rather, it provides a concept of
satisficing that is as mathematically formalized and precise as is the notion of optimization. Second, it treats the
notion of being good enough as the ideal (rather than an
approximation)—it is not a species of bounded rationality.
Third, it extends to the multi-agent case, thereby providing a
natural framework for multi-agent decision making. Fourth,
it readily accommodates the extension of interests beyond
the self, thereby accommodating more sophisticated social
relationships than self-interest affords. We retain the term
“satisfice” because, even though our approach is not heuristic, we nevertheless seek solutions that are good enough,
with the essential difference being that we provide a nonheuristic definition of what it means to be good enough.
Although it seems eminently reasonable at least to attempt (given sufficient resources) to seek an optimal decision, humans often invoke a systematic approach to decision making (even in single-agent decision problems) that,
while still based on quantitative measures of performance,
does not correspond to optimization. In the vernacular, the
optimization paradigm corresponds to seeking “the best and
only the best” solution. Also common, however, is the paradigm of “getting your money’s worth.” In an intuitively
pleasing sense, this latter notion admits an interpretation
as being good enough, and it is this concept that we invoke as the satisficing paradigm that we develop in this paper. A comprehensive introduction to this perspective can be
found in [47].
Many theorists (e.g., [1, 12, 17, 26]) have argued that
it is unwise to aggregate conflicting interests into a single
preference ordering. Some have asserted that in a social setting individuals have multiple facets, as defined by Steedman and Krause [46], who maintain that an agent, although
an indivisible unit, nevertheless is capable of considering its
choices from different points of view, and that separate utilities may be defined to correspond to each facet of an individual. A natural way to classify attributes is according to their
effectiveness and efficiency. Each individual may be viewed
as being composed of two facets: the selecting facet, which
evaluates actions in terms of effectiveness toward pursuing
objectives without concern for efficiency, and the rejecting
facet, who evaluates actions in terms of efficiency with respect to consuming resources without concern for effectiveness. We shall view these selecting and rejecting facets as
the “atoms” of the society,
When formulating a problem under the satisficing framework, it is essential that the selecting and rejecting criteria
not be restatements of each other. The selecting criterion
should correspond to the goals of the problem, and the rejecting criterion should correspond to the consumption of
resources. This dual utilities approach is the basis for our
notion of satisficing.
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Under the optimization paradigm, all of the performance
measures are combined into a single utility, whereas under the satisficing paradigm, the measures of effectiveness
are encoded separately from the measures of efficiency. Under the optimization paradigm, the alternatives are compared
against each other in order to identify the globally best one.
By contrast, under the satisficing paradigm, the effectiveness
and efficiency attributes are locally compared for each alternative separately, and all alternatives for which the effectiveness measures exceed the efficiency measures are considered to be satisficing. Thus, whereas the optimization paradigm is designed to identify a single best alternative, the satisficing paradigm is designed to identify all alternatives that
are good enough. The non-uniqueness attribute is a key feature of satisficing in a multi-stakeholder environment, since
it is amenable to flexibility on the part of the individuals and
of the group.
To introduce the formalism of satisficing, let us first consider a single agent X, with selecting and rejecting facets
denoted S and R, respectively, and let uS denote the selecting utility, or selectability, which measures the progress toward the goal of X, and uR denotes the rejecting inutility, or
rejectability, which measures the consumption of resources
such as cost, exposure to hazard, loss of social reputation,
and so forth.
Definition 1 Let A denote the set of actions available to
X. An action a ∈ A is satisficing if uS (a) ≥ quR (a) where
q ∈ [0, 1] regulates the threshold for rejecting elements of A
as not satisficing. The satisficing set is
Σq = {a ∈ A: uS (a) − quR (a) ≥ 0}.

(1)

The parameter q represents X’s attitude regarding the
weight it affords the different facets of the decision problem. Nominally, q = 1, indicating equal weight apportioned
to the selecting and rejecting criteria. As we shall see, however, q can serve as a measure of how willing the individual
is to accommodate the interests of the group.
Satisficing as defined above is expressed in a single-agent
context with categorical utilities. It is easily seen, in this
simple context, that uS and uR can easily be combined to
form a classical utility uX (a) = uS (a) − quR (a), which
is amenable to optimization. Optimization, however, is designed to produce a single best solution, whereas, by contrast, satisficing is designed to produce a (possibly) nonsingleton set of solutions that are good enough in the sense
that the effectiveness of the action is as least as great as its inefficiency. In the single-agent context, satisficing represents
a novel approach, but if it is possible to optimize, then there
may be little incentive to seek a satisficing solution. The real
power of the satisficing concept, however, is manifest in the
multi-agent case, as will be further developed below.

3.2 Conditioning
Let X = (X1 , . . . , Xn ) denote a collective of autonomous
stake-holders (e.g., agents). More specifically, let S = (S1 ,
. . . , Sn ) denote the collective of selecting facets, and let
R = (R1 , . . . , Rn ) denote the collective of rejecting facets.
Notationally, we write V = SR = (S1 , . . . , Sn , R1 , . . . , Rn ),
a system of 2n facets. Since we will be dealing with the
facets, rather than the agents, it is convenient to use the symbol Vi , i = 1, . . . , 2n, to denote either a selecting facet or a
rejecting facet.
Let Ai denote a finite set of alternatives available to Xi .
Of course, if Xi takes action ai ∈ Ai , then that action also
applies to Si and Ri (split personalities are not allowed, but
this does not mean that Si and Ri must always contemplate
taking the same action). The product action space is denoted
A = A1 × · · · × An , and an action profile a = (a1 , . . . , an ) ∈
A denotes the joint action taken by the collective.
A categorical utility for Vi , denoted uVi , is a mapping
uVi : A → R, and provides a total ordering of all action profiles for Vi . According to the conventional Arrow/Friedman
model, categorical utilities for all participants in the multistakeholder decision problem are defined prior to the decision-making activity and, furthermore, the mechanisms that
dictate the way they are defined are irrelevant. As an alternative, we introduce the notion of a conditional utility. To
develop this concept, we must first define a commitment.
Definition 2 Let Vi be an arbitrary element of V, and let
Vj = (Vj1 , . . . , Vjk ) be an arbitrary k-element subset of V
that does not include Vi . A commitment profile {aj1 , . . . ,
ajk }, aj ∈ A, is a hypothetical statement by Vi that the action profile aj is the one that is to which Vj is constrained,
 = 1, . . . , k.
Definition 3 A conditional utility for Vi with respect to
a commitment profile {aj1 , . . . , ajk }, denoted uVi |Vj (a|aj1 ,
. . . , ajk ), is a utility for Vi given that Vj is committed to
{aj1 , . . . , ajk }.
This definition is a generalization of the original concept
of conditional utilities in that the conditioning is with respect
to the entire commitment profile of each Xj , l = 1, . . . , k,
rather than with respect to the individual commitments of
each Xj (see Sect. 6). The resulting utility structure represent a true generalization of traditional categorical utilities
and enables us to reconnect our theory with classical game
theory.
Operationally, a conditional utility for Vi serves as the
consequent of a hypothetical proposition whose antecedent
is a commitment by Vj . This expression does not represent
Vi ’s actual utility of a, nor does it imply that Vj is constrained to aj . Instead, it means that, if (Vj1 , . . . , Vjk ) were
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simultaneously to be constrained to {aj1 , . . . , ajk }, then Vi
would define its utility of a accordingly.
An attractive feature of a conditional utility is that it permits Vi to express conditional altruism. To illustrate, suppose uVj (a)  uVj (a ), that is, Vj were to ascribe much
higher categorical utility to a than to a , but Vi were to
do the opposite, ascribing higher utility to a than to a,
i.e., uVi (a ) ≥ uVi (a). Vi could give deference to Vj by replacing its categorical utility uVi with a conditional utility
uVi |Vj such that uVi |Vj (a|a) ≥ uVi |Vj (a |a) but uVi |Vj (a |a ) =
uVi |Vj (a|a ) = uVi (a ), thus deferring to Vj if, but only if, Vj
were to favor a strongly over a .
3.3 Social Networks
Conditional preferences provide each individual with the
ability to define its preferences as a function of the hypothetical preferences of all other subsets of the collective.
This feature represents an important departure from the traditional categorical definitions of preference and provides
the foundation for the modeling of a complex society that
possesses sophisticated social relationships such as altruism
(either benevolent or malevolent). Conditional preference
relations permit the explicit modeling of such relationships,
rather than merely simulating them by redefining categorical
preference orderings. Although conditional preference relations are more complex than are categorical ones, as noted
by Palmer, “Complexity is no argument against a theoretical
approach if the complexity arises not out of the theory itself
but out of the material which any theory ought to handle”
[31, p. 176].
Nevertheless, the introduction of conditional utilities increases the complexity of the mathematical model of a collective. At one extreme, all of the members of the collective
would be devoted to narrow self-interest, and all utilities
would be categorical (the classical game-theoretic model).
At the other extreme, each of the members would be influenced by the preferences of every other member, resulting
in a fully connected collective. Fortunately, however, many
potentially interesting societies are such that the connections
between the members are relatively sparse. Just as with human societies, it is likely that members will be organized
into relatively small clusters of individuals that are somewhat loosely connected with other clusters. One such model
is a hierarchical structure, where the preferences of superiors influence those of subordinates. Another, more parallel
model, is one where the individuals are grouped into function, spatial, or temporal neighborhoods. A powerful and
convenient way to represent such relationships is through
graph theory, which provides a means to express directly
the influence relationships that exist among the individuals.
With such a formalism, the vertices of the graph represent
the members of the collective, and the edges represent the
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Fig. 1 A directed acyclic graph

influence flows among them as encoded in the conditional
utilities. For the extreme case where all individuals possess
categorical preferences, the graph would have no edges—
each individual would be expressed by an isolated vertex.
When conditional preferences exist, however, the graph will
have edges, as illustrated in Fig. 1.
In this paper we concentrate on directed acyclic graphs,
or DAGs. Formally, a directed graph is a pair G = (V, E),
where V = (V1 , . . . , V2n ) is a finite set of vertices and E
is a set of edges linking pairs of vertices. If Vj is directly influenced by Vi but Vj does not directly influence
Vi , then there is a directed edge, denoted “→” from Vi
to Vj . A path from Vi to Vj is a sequence of vertices
{Vi , Vk1 , Vk2 , . . . , Vj } such that Vi → Vk1 → Vk2 → · · · →
Vj . We write Vi → Vj if there is a path from Vi to Vj . If
there are no paths such that Vi → Vi for any i, the graph is
said to be acyclic.
If Vi → Vj , then Vi is called a parent of Vj , and Vj is
a child of Vi . The set of parents of Vi is denoted pa (Vi ) =
{Vij : Vij → Vi , j = 1, . . . , pi }, and the set of children of
Vi is denoted ch (Vi ). If Vi has no parents, then pa (Vi ) =
∅. The descendents of Vi , denoted de (Vi ), is the subset of
vertices {Vim : Vi → Vim , m = 1, . . . , di }.
Let cp (Vi ) = {ai1 , . . . , aipi } denote the commitment profile for pa (Vi ). For each Vi , uVi | pa (Vi ) [a| cp (Vi )] is the utility that Vi ascribes to a, given that Vij commits to aij ,
j = 1, . . . , pi . If Vi has no parents, the conditional utility
is the categorical utility; i.e., uVi | pa (Vi ) = uVi if pa (Vi ) =
∅. Consider the DAG illustrated in Fig. 1. By inspection,
pa (S1 ) = pa (R3 ) = pa (R4 ) = ∅, pa (S2 ) = {R1 }, pa (S3 ) =
{S2 , S4 , R1 }, pa (S4 ) = {R3 }, pa (R1 ) = {R2 }, and pa (R2 ) =
{S1 }.
A fundamental property of a DAG is the Markov condition: nondescendent nonparents of a vertex have no influence on the vertex, given the state of its parent vertices
[9]. Consequently, if a society can be represented as a DAG,
the conditional utility of a facet is dependent only upon the
commitments of its parents. Thus, for the DAG in Fig. 1,
R2 is influenced only by the commitments of S1 , S3 is influenced by the commitments of S2 , S4 , and R1 , and so
forth. Thus, conditional utility of R2 is of the form uR2 | cp (R2 ) ,
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Fig. 2 A two-agent DAG

where cp (R2 ) = {S1 }, and the conditional utility of S3 is of
the form uS3 | cp (S3 ) , where cp (S3 ) = {S2 , S4 , R1 }. Categorical
utilities are associated with the root vertices, S2 , R3 , and R4 ,
since these vertices have no parents.

4 Social Welfare
4.1 Collective Preferences
The central question for a collective of autonomous decision
makers is how they should function as a group. In the classical non-cooperative game-theoretic formulation, the notion
of a group preference is irrelevant—each individual is committed to, and only to, its own satisfaction, and the emergence of a coherent notion of group welfare would be strictly
coincidental. As observed by Shubik, “It may be meaningful, in a given setting, to say that group ‘chooses’ or ‘decides’ something. It is rather less likely to be meaningful
to say that the group ‘wants’ or ‘prefers’ something” [40,
p. 124]. Social choice theory, on the other hand, focuses on
the aggregation of individual preferences to form a social
welfare function that can be used to define what is best for
the group. Classical social choice theory, however, as developed by Arrow [1], Debreu [11], Fishburn [15], and others, also relies upon categorical preferences, as does multiobjective decision theory [20]. The main classical result, attributed to Debreu, is that a necessary and sufficient for a
group utility to be defined as the weighted sum of individual
utilities is that the individual utilities must be categorical.
In the presence of conditional preferences, the issue of
social welfare takes on added complexity. For example, the
traditional axioms of social choice theory, such as the independence of irrelevant alternatives, becomes problematic.
Thus, we must pursue a different course when aggregating
conditional preferences. In the interest of clarity, we begin
our discussion of this concept with the bi-facet case, with
V = (V1 , V2 ). Let us suppose that V1 possesses a categorical utility uV1 and V2 possesses a conditional utility uV2 |V1 .
The corresponding DAG is displayed in Fig. 2. Given these
utilities, the central questions are: (i) Can these two utilities
be combined in a rational way to form a group utility? and,
if so, (ii) How should they be combined?
To address this issue, we introduce the notion of a joint
commitment. A joint commitment by (V1 , V2 ) is a condition
that, simultaneously, V1 is committed to (a1 , a2 ) ∈ A1 × A2
and V2 is committed to (a1 , a2 ) ∈ A1 × A2 . The utility of a
joint commitment would provide a complete description of
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the way the collective views all possible consequence profiles (one for each facet). It would provide information regarding the degree of conflict and the possibilities for compromise, since only one profile can actually be implemented
by the collective.
If there were no conflicts, then there would exist a joint
commitment of the form [(a1∗ , a2∗ ), (a1∗ , a2∗ )] that would simultaneously maximize benefit to V1 and V2 and, hence, by
the Pareto principle, to the collective. In the presence of conflicts, however, joint commitments of the form [(a1 , a2 )(a1 ,
a2 )], where both commit to the same profile, would represent a compromise solution. The issue, then, is to define an
acceptable compromise.
To determine the utility of a joint commitment, consider the following argument. For [(a1 , a2 ), (a1 , a2 )] to be
a joint commitment, it is necessary that (a1 , a2 ) be a commitment by V1 . But if (a1 , a2 ) is a commitment by V1 , then
for (a1 , a2 ) to be a commitment by V2 , (a1 , a2 ) must be
a commitment by V2 given that (a1 , a2 ) is a commitment
by V1 . Furthermore, if (a1 , a2 ) is not a commitment by
V1 , then [(a1 , a2 ), (a1 , a2 )] is not a joint commitment, regardless of whether or not (a1 , a2 ) is a commitment by V2 .
Thus, when considering the utility of a joint commitment to
[(a1 , a2 ), (a1 , a2 )], if the utility of a commitment to (a1 , a2 )
by V1 is considered first, then the utility of a commitment to
(a1 , a2 ) by V2 will be relevant only if (a1 , a2 ) is a commitment by V1 . Consequently, given the utility of a commitment
to (a1 , a2 ) by V1 and the conditional utility of a commitment to (a1 , a2 ) by V2 given that (a1 , a2 ) is a commitment
by V1 , knowledge of the categorical utility of a commitment
to (a1 , a2 ) by V2 is not required in order to compute the utility of a joint commitment to [(a1 , xa ), (a1 , a2 )]. Thus, the
utility of a joint commitment to [(a1 , a2 ), (a1 , a2 )] is a function of the categorical utility of a commitment to (a1 , a2 )
by V1 and the conditional utility of a commitment by V2 to
(a1 , a2 ) given that (a1 , a2 ) is a commitment by V1 .
Let ûV1 V2 denote the utility of a joint commitment. By the
above arguments, this function can be expressed as
ûV1 V2 [(a1 , a2 ), (a1 , a2 )]
= F [uV1 (a1 , a2 ), uV2 |V1 (a1 , a2 |a1 , a2 )]

(2)

for some function F , called the aggregation function.
4.2 Aggregation
Obviously, there are many possibilities for F , and to narrow the choices, it is necessary to impose some additional
constraints. One reasonable constraint is that the collective
possess at least a weak sense of equity so that a meaningful notion of cooperation can occur. Specifically, we wish
to avoid a condition of categorical subjugation. To introduce this concept, let us restrict interest to the collective S1
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and V2 . We shall say that S1 is categorically subjugated to
the collective if every consequence profile that is acceptable to the collective would require S1 to sacrifice its performance. Suppose that
uS1 (a1 , a2 ) > uS1 (a1 , a2 ),

q(y2 )
(3)

but
ûS1 V2 [(a1 , a2 ), (a1 , a2 )] < ûS1 V2 [(a1 , a2 ), (a1 , a2 )]

(4)

for all (a1 , a2 ) ∈ A1 × A2 . Then S1 would be categorically
subjugated, since S1 ’s preferred joint action can never be
preferred by the society. Avoiding categorical subjugation
ensures that all participants have a “seat at the table” when
negotiating. Otherwise, the interests of some facets will be
so contrary to the interests of the collective that, no matter what the collective decides, the interests of the affected
individual facets will be suppressed. Unless the possibility
(although not the guarantee) exists that the interests of the
individual are compatible with the interests of the collective,
the individual will be effectively disenfranchised. Although
categorical subjugation is not always avoided in human societies (e.g., dictatorships), avoiding categorical subjugation
is an important feature of an artificial society that must negotiate to reach a compromise.
If categorical subjugation is to be avoided, then there
must exist an action profile (ã1 , ã2 ) such that, if (3) holds,
then
ûS1 V2 [(a1 , a2 ), (ã1 , ã2 )] ≥ ûS1 V2 [(a1 , a2 ), (ã1 , ã2 )].

(5)

A similar argument regarding the categorical subjugation of,
say, R1 can be made with the inequalities reversed in (3), (4),
and (5) when R1 replaces S1 .
The question now becomes: what conditions are necessary to impose upon the aggregation function F to ensure
that categorical subjugation can never occur? To address this
question, let us turn to an analogous issue. A Dutch book is
a gambling situation such that, no matter what the outcome,
the gambler will be worse off for having taken the gamble—
a situation of sure loss (one’s reward is always less than
one’s stake). To illustrate a Dutch book, Suppose Y can take
one of two distinct values: y1 or y2 , and let q(y) denote a belief function of y; that is q(y) measures the strength of belief
that Y = y. Without loss of generality, we may restrict belief functions to the unit interval; that is, 0 ≤ q(y) ≤ 1. (We
refrain from using the term “probability” here, since we do
not require q to possess all of the properties of a probability
mass function.)
By convention, we will assume that we have full belief
that exactly one of these values obtains, that is, that the disjunction of y1 and y2 must occur, and that beliefs are additive, thus,
q(y1 ∨ y2 ) = q(y1 ) + q(y2 ) = 1.

Now let Z take on one of two distinct values z1 or z2 , and
let r(z, y) denote the belief that Z = z and Y = y simultaneously. Let us now assume that

(6)

> q(y1 )

(7)

r(z1 , y2 ) < r(z1 , y1 )

(8)

r(z2 , y2 ) < r(z2 , y1 ).

(9)

The following example illustrates a Dutch book. Suppose
you purchase a $1 gamble that Y = y2 , and deem a fair
purchase price to be q(y2 ); that is, you pay $q(y2 ) for the
gamble to win $1. Now also suppose you sell the gamble (z1 , y2 ) ∨ (z2 , y2 ). By additivity of beliefs, a fair selling price for this bet would be r[(z1 , y2 ) ∨ (z2 , y2 )] =
r(z1 , y2 ) + r(z2 , y2 ). However, according to the above ordering, you must have q(y2 ) > 12 and, since r(z1 , y2 ) +
r(z2 , y2 ) < r(z1 , y1 ) + r(z2 , y1 ), it follows that r[(z1 , y2 ) ∨
(z2 , y2 )] < 12 . After all gambles have been bought and sold,
your net wealth is r[(z1 , y2 )∨(z2 , y2 )]−q(y2 ) < 0. To overcome this loss, you hope to make up the difference once
the outcome of the gamble is known. But if neither y2 nor
(z1 , y2 ) ∨ (z2 , y2 ) occur, you win nothing and you pay nothing, and if (z1 , y2 ) ∨ (z2 , y2 ) occurs, then, of course, y2 occurs, so you win $1 which you must pay to the buyer of
your gamble. Thus, once the gambles have been bought and
sold, your net wealth is invariant to whatever happens—you
suffer a sure loss.
A belief system is said to be coherent if it is not possible to construct a Dutch book. The Dutch Book Theorem [10, 36] and its converse [21] state that a belief system is coherent if and only if it complies with a probability measure that describes the degrees of belief regarding
the propositions under consideration. The above example
does not comply with the laws of probability theory, since
q(y2 ) = r(z1 , y2 ) + r(z2 , y2 ); that is, marginalization fails.
The above discussion illustrates the fact that categorical subjugation and sure loss are mathematically equivalent.
Thus, if a multi-agent valuation system is to be coherent, in
that it is not possible to construct a situation where categorical subjugation can occur, then the valuation system must
comply with the mathematical structure of probability theory.
Definition 4 Let uVi denote a categorical utility for Vi . The
collective V is coherent if, for each i ∈ {1, . . . , 2n}, given
that uVi (a) > uVi (a ), there exists a commitment sub-profile
(ã1 , . . . , ãi−1 , ãi+1 , . . . , ã2n ) such that
ûV1 ···V2n (ã1 , . . . , ãi−1 , a, ãi+1 , . . . , ã2n )
≥ ûV1 ···V2n (ã1 , . . . , ãi−1 , a , ãi+1 , . . . , ã2n )

(10)

if Vi is a selecting facet, with the inequalities reversed if Vi
is a rejecting facet.
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Let V be a group of decision making facets whose influence relationships can be expressed with a directed acyclic
graph. For each Vi , let pa (Vi ) = (Vi1 , . . . , Vipi ) denote the
pi parents of Vi , and let Api = A × · · · × A (pi times)
denote the pi -fold product of the joint action space corresponding to the parents of Vi . If Vi has no parents, then
Api = ∅. Let cp (Vi ) = (ai1 , . . . , aipi ) denote the commitment profile for pa (Vi ). For each Vi , uVi | pa (Vi ) [a| cp (Vi )] is
the utility that Vi ascribes to a, given that Vij commits to aij ,
j = 1, . . . , pi . If Vi has no parents, the conditional utility is
the categorical utility; i.e., uVi | pa (Vi ) = uVi if pa (Vi ) = ∅.
Theorem 1 If a society can be represented as a directed
acyclic graph, categorical subjugation cannot occur if and
only if the utilities uVi | pa (Vi ) are conditional mass functions.
That is,
uVi | pa (Vi ) [a| cp (Vi )] ≥ 0
and


∀x ∈ A

uVi | pa (Vi ) [a| cp (Xi )] = 1

(11)

(12)

a∈A

for all (ai1 , . . . , aipi ) ∈ Api . Furthermore, the utility of a
joint commitment to (a1 , . . . , a2n ) is
ûV (a1 , . . . , a2n ) =

2n


uVi | pa (Vi ) [ai | cp (Vi )]

namely, that the joint probability mass function of the random variables associated with the vertices is the product of
the conditional probability mass functions of all non-root
vertices, and the marginal mass functions of all root vertices
[8, 18, 33]. Equation (13) is simply an application of the law
of compound probability. Thus, coherence is established. 
We will term utilities that comply with Theorem 1 praxeic utilities. It should be noted that this formulation requires
all utilities to be non-negative and sum to unity. This restriction, however, does not reduce the generality of the theorem,
since utilities can be subjected to positive affine transformations without affecting the solution.
Equation (14) expresses the values of the selecting and
rejecting facets simultaneously. Since parents of selecting
facets may comprise both selecting and rejecting facets and
similarly for the parents of rejecting facets, this function
contains all of the possibilities for compromise and conflict.
To be useful for decision making, however, it is necessary
to compute the joint selectability for all joint commitments
by the selecting facets, and the joint rejectability for all joint
commitments by the rejecting facets. Since ûSR is a multivariate mass function, we may compute the joint selectability and rejectability marginals as

ûSR (a1 , . . . , an , a1 , . . . , an )
(15)
ûS (a1 , . . . , an ) =
a1 ,...,an

(13)

i=1

ûR(a1 , . . . , an ) =



ûSR (a1 , . . . , an , a1 , . . . , an ).

(16)

a1 ,...,an

or, more specifically,
ûSR (a1 , . . . , an , a1 , . . . , an )
=

n 
n


uSi | pa (Si ) [ai | cp (Si )]uRj | pa (Rj ) [aj | cp (Rj )], (14)

i=1 j =1

where ai is the commitment by Si , i = 1, . . . , n and aj is the
commitment by Rj , j = 1, . . . , n.
Proof Mathematically (albeit with different semantics), we
may view Vi as random variables defined over the sample
spaces Vi , i = 1, . . . , 2n. The Dutch Book Theorem and its
converse establish that the necessary and sufficient condition to ensure that sure loss (categorical subjugation) cannot occur is that uVi | pa (Vi ) must correspond to the conditional
probability mass functions of Vi given cp (Vi ). Thus, the
categorical utilities of the root vertices must possesses the
mathematical structure of marginal probability mass function and the conditional utility of non-root vertices possesses
the mathematical structure of conditional probability mass
functions. Consequently, the vertices and edges of the DAG
satisfy all of the conditions of a Bayesian network, and we
may apply the fundamental theorem of Bayesian networks;

Once the joint selectability and rejectability marginals
have been computed, we are in a position to define a satisficing social welfare function. We first observe that, since
only one action profile can be implemented, to make a decision, we must ascribe the same commitment to each facet,
yielding the joint praxeic selectability and joint praxeic rejectability
ũS (a) = ûS (a, . . . , a)

(17)

and
ũR (a) = ûR (a, . . . , a).

(18)

We next define satisficing social welfare function
W (a) = ũS (a) − qG ũR (a)

(19)

and the jointly satisficing set
Σ qG = {a: W (a) ≥ 0}.

(20)

The parameter qG is a measure of the relative weight the
group as a whole places on the selecting criteria versus
the rejecting criteria. Nominally, qG = 1, indicating equal
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weight. If, however, the context of the problem is to place
high weight on individual performance, it may be appropriate to reduce qG , which will increase the cardinality of
the jointly satisficing set and make it easier to reach a compromise (as will be discussed further below). All consequence profiles for which the satisficing social welfare is
non-negative are deemed to be satisficing for the group.
We may also compute the individual selectability and rejectability marginal utilities as

ûS (a1 , . . . , an )
(21)
ũSi (ai ) =
¬ai

and
ũRi (ai ) =



ûR (a1 , . . . , an ),

where we
have employed the so-called not-sum notation;
namely, ¬ai to mean that the sum is taken over all aj for
j = i.
The individual welfare function is
(23)

and the individually satisficing set is
Σqi i = {a: Wi (a) ≥ 0},

(24)

where qi is Xi ’s relative weight regarding the selecting and
rejecting criteria. This parameter is Xi ’s index of negotiation. Setting qi < 1 attributes more weight to the selecting
criteria than the rejecting criteria, and enlarges the individual satisficing set, thereby reducing Xi ’s threshold for an
acceptable outcome.
A satisficing set (either for the group or individuals) constitutes the set of consequences for which effectiveness, as
measured by the selectability utility, is at least as great as
qi times the inefficiency, as measured by the rejectability inutility. Rather than focusing on seeking the best and only the
best solution, the satisficing methodology focuses on eliminating bad solutions. Since the satisficing set eliminates all
alternatives whose effectiveness does not exceed their efficiency, it possesses a weak notion of optimality; namely, the
maximum number of unacceptable choices are eliminated.
If, in the extreme case, all but one choice are eliminated,
then the satisficing solution coincides with the optimal solution.
The compromise set is the set of all joint actions that are
simultaneously satisficing for the group and for the individuals; that is,
C = Σ qG ∩ Σq11 ∩ · · · ∩ Σqnn .

X2
X1

C

D

C

(3, 3)

(1, 4)

D

(4, 1)

(2, 2)

inefficiency. As will be discussed in Sect. 6, they can be interpreted as negotiation parameters that can be adjusted in
a way that indicates the individuals’ willingness to modify
their valuation systems in an attempt to reach a compromise
solution.

(22)

¬ai

Wi (a) = ũSi (ai ) − qi ũRi (ai )

Table 1 The payoff matrix for the conventional Prisoner’s Dilemma
game

(25)

In practice, the qi ’s indicate the attitudes of the individuals
with respect to how much they value effectiveness versus

Example 1 (The Social Prisoner’s Dilemma) The conventional Prisoner’s Dilemma game is designed to characterize behavior between two decision makers in an environment were
cooperation leads to better results than does defection but,
if only one attempts to cooperate, that individual becomes
vulnerable to being exploited by the other. Classically, this
game is defined in terms of categorical utilities. Let C and
D denote cooperation and defection, respectively. The corresponding categorical utilities are the entries of the payoff
matrix displayed in Table 1. The joint option (C, C) (next
best for both) is the Pareto optimal solution, while (D, D)
(next worst for both) is the Nash equilibrium solution. Notice that the game is symmetrical. The classical assumption
for this game is that there is no social relationship between
the players, and that each is intent on, and only on, maximizing its own welfare, regardless of the effect doing so has
on the other.
Now let us add some social context to this problem.
Suppose a leader-follower relationship exists between them,
with X1 being the leader and X2 the follower. We shall assume that X1 follows the conventional structure of maximizing payoff, but X2 is interested in (a) following the lead
of X1 , (b) resisting exploitation, and (c) not offending X1
by taking advantage of the possible propensity for X1 to cooperate. Notice that this structure results in an asymmetrical
relationship between the players. We shall take the definition
of selectability as the same as with the conventional formulation; namely, to seek to maximize payoff. For rejectability, however, we invoke a component that is not present in
the conventional formulation; namely, to account for social
issues, and assume that the players have a unit of social resource they may commit to each outcome.
Since the leader has no social commitments, we take rejectability for X1 to be the same for each outcome. Accordingly, the categorical selectability and rejectability values
for the leader are provided in Table 2.
To account for the social context, we take the utilities for
X2 to be conditional, and assume that both selectability and
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Table 2 Selectability and rejectability utilities for X1 for the social
Prisoner’s Dilemma game

uS1
uR1

(C, C)

(C, D)

(D, C)

(D, D)

3
10
1
4

1
10
1
4

4
10
1
4

2
10
1
4

Fig. 3 The influence network
for the social Prisoner’s
Dilemma game

Table 4 R2 ’s conditional rejectability for the social Prisoner’s
Dilemma game
(x1 , x2 )
(C, C)

(C, D)

(D, D)

(D, D)

uR2 |S1 (x1 , x2 |C, C)

0

1
3

1
3

1
3

uR2 |S1 (x1 , x2 |C, D)

0

1

0

0

uR2 |S1 (x1 , x2 |D, C)

0

1

0

0

uR2 |S1 (x1 , x2 |D, D)

0

1

0

0

Table 5 The joint praxeic selectability and rejectability for the social
Prisoner’s Dilemma game
[(x1 , x2 ), (x1 , x2 )]
Table 3 S2 ’s conditional selectability for the social Prisoner’s
Dilemma game
(x1 , x2 )

ũS1 S2 [(x1 , x2 ), (x1 , x2 )]

[(C, C), (C, C)]

0.3

[(C, D), (C, D)]

0.0

[(D, C), (D, C)]

0.0

[(D, D), (D, D)]

0.2

(C, C)

(C, D)

(D, C)

(D, D)

uS2 |S1 (x1 , x2 |C, C)

1

0

0

0

uS2 |S1 (x1 , x2 |C, D)

1

0

0

0

uS2 |S1 (x1 , x2 |D, C)

[(C, C), (C, C)]

0.0

1

0

0

0

uS2 |S1 (x1 , x2 |D, D)

[(C, D), (C, D)]

0.2

0

0

0

1

[(D, C), (D, C)]

0.025

[(D, D), (D, D)]

0.025

ũR1 R2 [(x1 , x2 ), (x1 , x2 )]

the rejectability of X2 are influenced by the selectability of
X1 , as indicated in Fig. 3.
Table 3 displays the conditional selectability for X2 given
the selection commitments of X1 . If X1 were to commit
to selecting either (C, C), (C, D), or (D, C), then X2 , in
the interest of attempting to cooperate, would place all of
its conditional selectability on (C, C) (mutual cooperation).
But if X1 were to commit to selecting (D, D), then X2
would place all of its conditional selectability on (D, D)
(mutual defection).
Table 4 displays the conditional rejectability for X2 given
the commitments of X1 . If X1 were to commit to selecting
(C, C), then X2 would place zero conditional rejectability
on that outcome and apportion the conditional rejectability
equally among the other outcomes. If X1 were to commit
to (C, D), X2 would place all of its rejectability on that outcome to ensure it will not be exploited. If X1 were to commit
to (D, C), then X2 would not reject that outcome so as not to
exploit X1 , and instead would reject exploitation by placing
its conditional rejectability on (C, D). Finally, if X1 were
to commit to (D, D), X2 would not reject that outcome, but
would instead reject (C, D) as before.
The utility of a joint commitment is given by
uS1 S2 R1 R2 [(x1 , x2 ), (x1 , x2 ), (y1 , y2 ), (y1 , y2 )]
= uS1 (x1 , x2 )uS2 |S1 (x1 , x2 )|x1 , x2 )
×uR1 (y1 , y2 )uR1 |S1 [(y1 , y2 )].

(26)

The joint praxeic selectability and rejectability functions,
as defined by (17) and (18) are given in Table 5, and
the jointly satisficing set (with q = 1) is {(C, C), (D, D)}.
The individual selectability and rejectability marginal utilities, as defined by (21) and (22) are displayed in Table 6,
from which it can be seen that the individually satisficing sets (with q1 = q2 = 1) are Σ11 = {(C, C), (D, C)} and
Σ12 = {(C, C), (D, D)}. Consequently, the compromise set
is C = {(C, C)}.
Under the classical formulation of the Prisoner’s Dilemma, the only rationally justifiable solution is mutual defection, since that formulation does not take into consideration
any social relationships. From the classical point of view,
mutual cooperation, although Pareto optimal, cannot be justified. The social version of the game as developed here,
however, indicates that mutual cooperation is the only justified solution.

5 Reconciliation with Classical Theory
Not all problems fit naturally into the dual-utility structure of
satisficing theory. One way to deal with this situation, while
still retaining some of the flavor of satisficing theory, is to
invoke the assumption that all consequences are rejectability neutral, and ascribe all meaningful utility to selectability.
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Table 6 The individual selectability and rejectability utilities for the
social Prisoner’s Dilemma game

Table 7 The marginal utilities for the Prisoner’s Dilemma
(C, C)

(C, D)

(D, C)

(D, D)

3
10
3
10

1
10

4
10

0

0

2
10
7
10

(x1 , x2 )
uX1
ũS1 (x1 , x2 )

0.3

0.1

0.4

0.2

ũR1 (x1 , x2 )

0.25

0.25

0.25

0.25

ũS2 (x1 , x2 )

0.3

0.0

0.0

0.7

ũR2 (x1 , x2 )

0.25

0.25

0.25

0.25

Under this situation, we set the rejectability to a constant:
uRj | pa (Rj ) [aj | cp (Rj )] = Kj = |A1i | (| · | denotes cardinality) for all aj . We define the conditional utility of Xi as
uXi | pa (Xi ) [ai | cp (Xi )] = uSi | pa (Si ) [ai | cp (Si )].

(27)

Thus, (14) becomes a function of ai , i = 1, . . . , n, only, and
we may write
ûX (a1 , . . . , an ) =

n


uXi | pa (Xi ) [ai | cp (Xi )],

(28)

i=1

and the marginals become

ũXi (ai ) =
ûX (a1 , . . . , an ).

(29)

¬ai

Once all of the valuations are concentrated in a single
utility, we view the decision problem from the classical
perspective of optimization. The most well-known solution
concept for individuals is the non-cooperative game theoretic concept of Nash equilibria [30]. Let a∗ = (a1∗ , . . . , an∗ ).
The action profile a∗ is a Nash equilibrium if, were any single individual to alter its choice, its utility would decrease;
i.e., if a† = (a1∗ , . . . , ai , . . . , an∗ ), then, in terms of categorical utilities,
uXi (a∗ ) ≥ uXi (a† )

(30)

for all ai ∈ Ai \ {ai∗ } for i = 1, . . . , n.
When conditional utilities are involved, we may define
two notions of equilibrium. First, let us define what might
be called a conditional Nash equilibrium. The action profile
a∗ is a conditional Nash equilibrium if
uXi | pa (Xi ) (a∗ |a∗ , . . . , a∗ ) ≥ uXi | pa (Xi ) (a† |a† , . . . , a† ) (31)
for all ai ∈ Ai \ {ai∗ } for i = 1, . . . , n.
We may also compute the Nash equilibrium in terms of
the marginal utility defined by (29). The action profile a∗ is
a Nash equilibrium if
∗

uX2

assumption of neutral rejectability, and set uX1 = uS1 and
uX2 | pa (X2 ) = uS2 | pa (X2 ) as defined in Tables 2 and 3, respectively. By inspection, we see that the conditional Nash
equilibrium is (D, D), as with the conventional formulation.
Furthermore, the marginal utilities are given in Table 7, and
we see that, again the Nash equilibrium is (D, D).
The Nash equilibrium is usually considered to be an appropriate solution concept for non-cooperative games. On
the other hand, with a cooperative game (i.e., one where
binding agreements are possible), it may be possible to enter into negotiations and bargain for a solution. For the players to forge an agreement, however, each must achieve an
acceptable degree of satisfaction. A bargaining game is a
cooperative game in which each participant possesses a disagreement point that defines the benefit that is guaranteed
to accrue to it if a compromise cannot be reached. The disagreement point, therefore, is an indication of the strategic
strength that is conferred on the participant as it participates in negotiations: the higher the disagreement point, the
greater bargaining strength of the participant.
A well-known bargaining concept that offers a clear definition of individual acceptability is the Nash bargain [29],
which permits each participant to make maximal use of its
strategic strength. The approach is based on four fundamental principles: (i) invariance to positive affine transformations; (ii) Pareto optimality; (iii) independence of irrelevant
alternatives, and (iv) symmetry, which is the notion that no
individual agent can expect that the other agents will grant
it better terms than that individual itself would be willing to
grant, were roles reversed.
Nash showed that these four conditions lead to a unique
solution. Let dXi denote the disagreement point for Xi . The
negotiation set, denoted N , is the subset of action profiles
such that every participant achieves at least its disagreement
point. In terms of categorical utilities, the negotiation set is


(33)
N = a ∈ A: uXi (a) ≥ dXi , i = 1, . . . , n
and the Nash bargain is
n



aN = arg max
uXi (a) − dXi .
a∈N

ũXi (a ) ≥ ũXi (a ).
†

(32)

Example 2 (Prisoner’s Dilemma, Continued) Let us revisit
the Prisoner’s Dilemma discussed in Example 1 under the

(34)

i=1

The intuitive interpretation of a Nash bargain is that it defines a fair compromise. It enables each player to take advantage of the strategic strength endowed by its disagree-
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ment point. The higher Xi ’s disagreement point, the more
action profiles that are unfavorable to it are eliminated.
The structure of (34) suggests that the optimal group solution can be interpreted as a Nash bargain with unilateral
utilities replaced by conditional utilities and all disagreement points set to zero. Analogously, therefore, we may define a conditional Nash bargaining solution. When decisions
are made under certainty, the negotiation set is defined as


N = a ∈ A: uXi | pa (Xi ) (a)| cp (Xi ) ≥ dXi , i = 1, . . . , n .
(35)
The conditional Nash bargaining solution is
aN = arg max
a∈N

n



uXi | pa (Xi ) [a| cp (Xi )] − dXi .

Then (14) becomes
ûSR (a1 , . . . an , a1 , . . . , an )
=

n


uSj | pa (Sj ) [aj | cp (Sj )]

n


uRj | pa (Rj ) [aj | cp (Rj )].

j =1

i=1

(39)
The corresponding joint selectability and rejectability
marginals are given by

uSR (a1 , . . . , an , a1 , . . . , an ) (40)
uS (a1 , . . . , an ) =
(a1 ,...,an )

(36)

and
uR (a1 , . . . , an ) =

i=1



uSR (a1 , . . . , an , a1 , . . . , an ). (41)

Referring again to the Prisoner’s Dilemma example, it
is easily seen that both the conditional Nash bargain is the
same as the conventional Nash bargain for the Prisoner’s
Dilemma; namely, the Pareto optimal solution (C, C).

We may now define a social welfare function as

6 Conditionally Decoupled Societies

where qG is the joint q-value for the group. The jointly satisficing set is the set of action profiles that are jointly satisficing for the society as a whole, and is defined as

6.1 The General Case
The approach developed above assumes that the conditional
preferences are defined over the entire product action space.
In this respect conditional preferences are generalizations of
classical categorical preferences, the difference being that
the preferences can be modulated by the commitments of
others. Although increased complexity is associated with
the introduction of conditional preferences, there are cases
where this additional complexity is not justified. It can be the
case that the only commitments that affect the preferences
of an agent are the direct consequences to its parents. This
situation motivates the notion of conditional decoupling.
Definition 5 A society is conditionally decoupled if the
conditional preference of each agent is a function only of its
own actions, given the commitments of its parents to their
own actions.
Whereas, for a non-decoupled system, the utilities are
functions of the entire action profile, for a decoupled system, the utilities are functions of individual actions. To develop this concept, suppose cp (Vi ) = {ai1 , . . . , aipi }. Then
the conditional utility
uVi | pa (Vi ) [a| cp (Vi )] = uVi | pa (Vi ) (a|ai1 , . . . , aipi )

(37)

(a1 ,...,an )

W (a1 , . . . , an ) = uS (a1 , . . . , an ) − qG uR (a1 , . . . , an ), (42)

S = {(a1 , . . . , an ) ∈ A: W (a1 , . . . , an ) ≥ 0}.

(43)

This procedure, however, does not account for the possibility that the elements of S may not be acceptable to all (or
any) of the individuals. Thus, we must also compute the individual satisficing sets. To proceed, we must first compute
the selectability and rejectability marginals as

uS (a1 , . . . , an )
(44)
uSi (ai ) =
¬ai

and
uRi (ai ) =



uR (a1 , . . . , an ),

(45)

¬ai

respectively. We may then define the individually satisficing
sets as
Σi = {ai ∈ Ai : uSi (ai ) − qi uRi (ai )}.

(46)

This set includes all alternatives that are satisficing, or good
enough, for Xi . The satisficing rectangle is the set of all
action profiles such that each component is individually satisficing, and is given by
R = Σ1 × · · · × Σn .

(47)

becomes
uVi | pa (Vi ) [ai | cp (Vi )] = uVi | pa (Vi ) (ai |ai1 , . . . , aipi ).

(38)

The intersection of the jointly satisficing set and the satisficing rectangle yields the compromise set, comprising the
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action profiles that are simultaneously good enough for the
group and for each individual.
C = S ∩ R.

(48)

If C = ∅, then we may form a best compromise as
a∗ = arg max W (a).
a∈C

(49)

For many application scenarios, it will be necessary for
the participants to achieve a compromise—failing to do so
will not be an option. Under such circumstances, at least
some players must be willing to modify their standards if
C = ∅; that is, there are no action profiles that are simultaneously good enough for the group and each individual at the
given qi levels. However, the satisficing approach provides a
natural and systematic negotiation framework within which
each individual controls the degree to which it is willing to
lower its standards in an attempt to reach a compromise. By
lowering its qi -value incrementally, each Xi increases the
size of its satisficing set and, hence, the size of the satisficing
rectangle. By specifying the increment qi that Xi is willing to reduce its standards, each participant can control the
amount of compromise it is willing to offer others, if any. If
enough participants are willing to lower their qi -values sufficiently, it is easy to see that, eventually, the consensus set
will be non-empty, and a best compromise can be achieved.
To protect itself from exploitation, however, each agent
should possess a lower limit, qiL that specifies how much
it is willing to compromise to reach an acceptable decision
for the group. If all agents reach their lower limits, then the
group will fail to reach a compromise. It is important to appreciate, however, that no individual is a priori subjugated
to the will of the society in the sense that there is no possibility for that individual’s preferences to receive consideration.
Thus, every individual can be assured of receiving sufficient
benefit, by its own definition, before agreeing to the compromise. If an individual could not enjoy at least that minimal
assurance, it may not be inclined to join or remain affiliated
with a society.
6.2 Social Choice
With the general multi-agent decision problem, each individual possesses its own action set. Some scenarios, however, are such that there is only one action set that applies
to the group as a whole. Scenarios of this type are termed
social choice problems. Thus, with a social choice problem,
there is only one action space A. The social welfare function
(42) becomes
W (a) = uS (a, . . . , a) − qG uR (a, . . . , a)

(50)

and the jointly satisficing set becomes
S = {a ∈ A: W (a) ≥ 0}.

(51)

The individual selectability and rejectability marginals are
computed according to (44) and (45), and the individually
satisficing sets Σi , i = 1, . . . , n are given by (46). The intersection of the individually satisficing sets and the jointly
satisficing set forms the social compromise set
CS = Σ1 ∩ · · · ∩ Σn .

(52)

If S = ∅, then there is no group action that is good enough
for the group and each individual. However, by reducing the
q-values incrementally as discussed above, a consensus will
eventually emerge. The social consensus set is the intersection of the social compromise set and the jointly satisficing
set
GS = S ∩ CS .

(53)

The best compromise is the action in this set that maximizes
the social welfare function; that is,
a ∗ = arg max W (a).
a∈GS

(54)

One of the most basic social structures is the human family. Thus, an important issue for the design and development
of social robots is that of how to model complex family relationships. Furthermore, since family relationships are well
known to virtually all cultures, they can be discussed and
modeled without the need to establish detailed contextual
background information. Hence, studying family structures
provides a convenient and instructive vehicle with which to
illustrate our theory. The following example is an anthropomorphic social analogy that demonstrates how family interdependencies can be expressed and compromise choices
made using conditional utilities and satisficing decision theory.
Example 3 (The Family Walk) Suppose a family, consisting
of a father X1 , a mother X2 , and a child X3 , is to take one of
three possible nature walks, denoted {w, w  , w  }. The father
prefers long walks, the mother prefers beautiful scenery, and
the child prefers an easy walk.
The first order of business in framing this scenario in the
satisficing context is to settle on operational definitions for
the notions of selectability and rejectability. From the point
of view of each individual, the main goal is satisfaction according to its own criterion. Thus, it is reasonable to associate selectability with the degree of narrow self-interest.
Accordingly, we define the three selectability utilities in Table 8.
As the operational definition of rejectability, we assume
that each agent has a unit of concern for the interests of others. Let us first consider the mother. Since she has concern
for the interests of her child, she will encode this information in a rejectability function that is conditioned on the selectability commitment of her child, as illustrated in Table 9.
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Table 8 Individual selectability utilities
x

uS1 (x)

uS2 (x)

uS3 (x)

w

0.1

0.4

0.3

w

0.3

0.4

0.6

w 

0.6

0.2

0.1
Fig. 4 A satisficing praxeic network for the family walk

Table 9 Mother’s conditional rejectability uR2 |S1
x

uR2 |S1 (x|w)

uR2 |S1 (x|w  )

uR2 |S1 (x|w  )

w

0.0

0.4

0.5

w

0.4

0.0

0.5

w 

0.6

0.6

0.0

preferences. Thus, the child’s concern for the interests of
others is neutral; that is, the child’s rejectability function is
uniform, as provided in (55).
1
uR1 (w) = uR1 (w  ) = uR1 (w  ) = .
3

Table 10 Father’s conditional rejectability uR2 |S1 S2
x

Figure 4 illustrates the influence flows of the satisficing
praxeic network for the family walk.
Using the values provided in the above tables, we may
compute the social welfare function, yielding

w

w

w 

uR3 |S1 S2 (x|w, w)

0

0

1

W (w) = −0.05

uR3 |S1 S2 (x|w, w  )

0

0

1

(x|w, w  )

W (w  ) = 0.36667

0

1

0

W (w  ) = −0.052;

w

w

w 

0

0

1

uR3 |S1 S2

(55)

x

uR3 |S1 S2 (x|w  , w)
(x|w  , w  )

0

0

1

uR3 |S1 S2 (x|w  , w  )

1

0

0

uR3 |S1 S2

hence S = {w  }.
We next compute the individually satisficing sets, yielding
uS1 (w) − q1 uR1 (w) = −0.233
uS1 (w  ) − q1 uR1 (w  ) = −0.033

x
w

w

w 

uS1 (w  ) − q1 uR1 (w  ) = 0.267,

uR3 |S1 S2 (x|w  , w)

0

1

0

uS2 (w) − q2 uR2 (w) = 0.14

uR3 |S1 S2

(x|w  , w  )

1

0

0

uS2 (w  ) − q2 uR2 (w  ) = 0.14

uR3 |S1 S2

(x|w  , w  )

1

0

0

uS2 (w  ) − q2 uR2 (w  ) = −0.06,

To interpret this table, consider the first column, which corresponds to uR2 |S1 (·|w); that is, the child commits to selecting w. Since this walk is tied for the most preferred by the
mother, she ascribes no conditional rejectability to that alternative, and places all of her conditional rejectability mass on
w  and w  in inverse proportion to her selectability. Similar
arguments apply if the child commits to w  or w  .
The father’s role in this decision process is first to defer
to the commitments of his child, then to the commitments
to his wife, and then, subject to those constraints, to reject
the alternative that is least preferred in terms of his narrow
self-interest. These values are provided in Table 10.
Finally, we must specify the child’s rejectability. This rejectability is not conditioned, since the model does not call
for the child’s preferences to be influenced by the parents’

and
uS3 (w) − q3 uR3 (w) = −0.12
uS3 (w  ) − q3 uR3 (w  ) = 0.18
uS3 (w  ) − q3 uR3 (w  ) = −0.32.
Thus, we have Σ1 = {w  }, Σ2 = {w, w  }, and Σ3 = {w  }.
Consequently, C = Σ1 ∩ Σ2 ∩ Σ3 = ∅, and the society has
not reached a compromise that is acceptable to all participants. However, if the father reduces q1 to 0.9, then
uS1 (w) − q1 uR1 (w) = −0.2
uS1 (w  ) − q2 uR1 (w  ) = 0.0
uS1 (w  ) − q3 uR1 (w  ) = 0.3.
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Hence, Σ1 = {w  , w  }, and a consensus exists with GS =
{w  }. An important feature of this example is that the father need only reduce its standards by a small amount to
achieve a consensus. In terms of the narrow self-interest offering given by Table 8, we see, after taking into consideration the social dependencies that exist among the individuals, that the consensus alternative is best for the mother and
the child and second best for the father.

agent case, whereas optimization is intrinsically a singleagent concept. Furthermore, since satisficing is designed to
provide a set of acceptable solutions rather than a unique
best solution, it provides a natural mechanism with which to
design a negotiation protocol and reach a compromise.

7 Conclusions
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